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and the second order difference equation
⌬ q ⌬ x q r f x q s g x q z s 0,
Ž . Ž . Ž .
n n n n n n n where f is a Lipschitz mapping and g is a compact operator, both defined on a Banach space X. We give sufficient conditions so that there exist solutions which are asymptotically constant. These results generalize those given by A. Drozdowicz Ž . and J. Popenda 1987 
INTRODUCTION
The asymptotic behavior of solutions of the second order difference equation on the real line ⌬ 2 x q p f x s 0,
Ž .
n n n 1 with p G 0 and f continuous on ‫,ޒ‬ was studied by Drozdowicz and n w x Popenda 3 . In this paper we will extend their result by considering, in a Banach space X, the second order difference equation ⌬ q ⌬ x q r f x q s g x q z s 0, 1
where f is a Lipschitz mapping and g is a compact operator, both defined on X. w x As in 3 , our results depend upon the study of the asymptotic behavior of solutions of the first order difference equation
Ž . with f Lipschitz and g compact. Observe that Eq. 2 includes non-linear Ž . Ž . linear as well as non-homogeneous homogeneous difference equations ᎏfor an excellent account on the theory of asymptotic behavior of w x solutions of difference equations we refer the interested reader to 1, 2 . The result presented in our Theorem 2.1 generalizes results appearing in w x Ž . 4, 6᎐9 , where treatments of particular cases of Eq. 2 were given.
In these previous papers, the main tool, in order to find solutions of a given difference equation with a prescribed asymptotic behavior, was to use the Schauder fixed point theorem. Sometimes proofs could be simplified using the Banach fixed point theorem. In the present paper we will w x Ž w make use of the Krasnoselskii fixed point theorem 5 see also 10, p.
x. 501 , whose statement we recall here. w x THEOREM 1.A 5 . Let C be a nonempty, bounded, closed, and con¨ex set in a Banach space X. Let F: C ª X be a contraction mapping, and let Ž . Ž . G: C ª X be a compact operator. If F q G C : C, then F q G has a fixed point in C.
Throughout this paper, ‫ގ‬ denotes the set of non-negative integers, ‫ރ‬ and ‫ޒ‬ are the fields of complex and real numbers, respectively. The space Ž . Ž . 5Ž .5 l ‫ރ‬ consists of all complex-valued sequences c such that c [
By X, и we will mean a complex real Banach space, Recall that a mapping f : C : X ª X is Lipschitz if
Ž .
Ž . it is a contraction if Lip f -1 and is compact if it is continuous and maps bounded sets to relatively compact sets.
Ž . Ž . A sequence x s x g l X is said to be asymptotically constant if n ϱ 5 5 there exists x g X such that x y x ª 0 as n ª ϱ, in which case it is X n Ž . said that x s x is asymptotically equal to x g X. n 
THE RESULTS
Consider the difference equation
where ⌬ x s x y x denotes the forward difference operator, y 's are n n q1 n n elements of X, the coefficients a i , b i are complex numbers, and f, g are n n Ž . functions defined on X. By a solution of 3 we understand a sequence
To each set of complex numbers c we associate a new set
Notice that we may regard c as being the sequence of complex numberŝ
We look for sufficient conditions on a i , b i , y and on the functions f n n n Ž . and g so that 3 has solutions asymptotically constant. The following result gives an answer to this question. 
4 X : z y x F 1 is mapped to a relatively compact set, and, in particular, X to a bounded set. Hence, there exists M ) 0 such that
Ž . Ž .
x g X Ž . 5 Ž .5 Also, taking M to be equal to Lip f q f x , we observe that
Observe that K is nonempty, bounded, closed, and convex in l X . ϱ Ž .
Ž . Next, define the operator T: K ª l X as follows. For each z s z g ϱ n ŽŽ . . K, we let Tz s Tz be given by
y is convergent in X, we conclude that T is a well defined operator.
js0 j
Our purpose is to prove that T has a fixed point z 0 g K. Once this is shown, it is easy to finish the proof of Theorem 2.1. Let us see how. Ž .
Ý n n qj n js0
With this and the fact that id q a 0 f q b 0 g is surjective for all n, a n n Ž . solution of the difference equation 3 asymptotically equal to x can be given: Start setting x s z 0 if n ) n , and then use a backwards recursive n n 0 process to define x for n F n ; i.e., x is defined to be any element of X n 0 n 0 We now proceed to show that T has a fixed point in K. In order to achieve this we will use the Krasnoselskii fixed point theorem. Observe Ž . that in our case T can be decomposed as T s F q G, where, for z s z n g K, Fz and Gz are defined component-wise as
We will then show Ž . Ž . I T K : K.
Ž .
II F is a contraction mapping.
III G is a compact operator.
Ž 
We now pass to the proof of III ; i.e., G is compact on K. To see this, we just need prove that G is continuous on K and that G K is compact.
We start by showing that G is continuous on K. Let z s z g K be n Ž . fixed and let ) 0 be given. First we notice that for any z s z g K,
Next, if n F n we are done. Otherwise, if n ) n we observe that, from
we have
-. This proves that G is continuous at z 0 g K. Finally, we prove that G K is compact. To do this, it suffices to show Ž . 
is a subsequence of z and that
Continuing in this fashion we find, for each k g ‫,ގ‬ a subsequence 0, there is n g ‫,ގ‬ which we may assume n ) n , 1 n 1 10 nªρ 5 5 such that 2 M b -for all n ) n . So for all p, q g ‫ގ‬ and all n ) n ,
Ž . 5 5 Now since 4 implies b -1rM , n q 1 F n F n , then there exists
Ä m, m 4 This proves that Gz is a Cauchy sequence, and with this, the proof of Theorem 2.1 is complete. Now we will apply the previous result to the study of the asymptotic behavior of the solutions of the second order difference equation 
